Abstract. Let h be a positive integer. An h-Sidon set in an additive abelian group G is a subset A = {a i : i ∈ I} of G such that, if a i j ∈ A for j = 1, . . . , 2h and a i 1 + · · · + a i h = a i h+1 + · · · + a i 2h , then there is a permutation σ of the set {1, . . . , h} such that a i h+j = a i σ(j) for all j ∈ {1, . . . , h}. It is proved that almost every finite set of real numbers is an h-Sidon set.
Sidon sets
Let G be an additive abelian group, and let A = {a i : i ∈ I} be a nonempty subset of G with a i = a j for i = j. For every positive integer h, we define the h-fold sumset hA = {a i1 + · · · + a i h : a i1 , . . . , a i h ∈ A}.
We have b ∈ hA if and only if there is a set of nonnegative integers {u i : i ∈ I} such that i∈I u i = h and b = i∈I u i a i .
Let 0A = {0}. An h-Sidon set (also called a B h -set ) is a subset A = {a i : i ∈ I} of G such that every element in the sumset hA has a unique representation as the sum of h elements of A. Equivalently, an h-Sidon set is a set A that satisfies the condition: For all b ∈ hA, if {u i : i ∈ I} and {v i : i ∈ I} are sets of nonnegative integers such that A 2-Sidon set is usually called a Sidon set.
A subset of an h-Sidon set is also an h-Sidon set. An h-Sidon set is an h 1 -Sidon set for every positive integer h 1 ≤ h. However, an h-Sidon set is not necessarily an (h + 1)-Sidon set. For example, let G = Z be the additive group of integers. Let N be the set of positive integers and N 0 the set of nonnegative integers. For every positive integer h, the set {h i : i ∈ N 0 } is an h-Sidon set, because every positive integer has a unique h-adic representation, but not an (h + 1)-Sidon set, because
for all nonnegative integers a < b.
Every set is a 1-Sidon set, and every set with one element is an h-Sidon set for all h. In a torsion-free group, every set with two elements is an h-Sidon set for all h.
O'Bryant [2] has compiled a survey of Sidon sets. Most work on Sidon sets has been restricted to subsets of the integers or other discrete groups. Cilleruelo and Ruzsa [1] have studied Sidon sets of real, complex, and p-adic numbers.
Hyperplanes
Let G be an additive abelian group. For every nonempty set I, let G I be the set of all functions from I into G. For α, β ∈ G I and i ∈ I, we write α(i) = a i and β(i) = b i . The set G I is a group, with addition of functions α, β ∈ G I defined pointwise: (α + β)(i) = α(i) + β(i) for all α, β ∈ G I and i ∈ I. We do not assume that the set I is finite.
Denote the cardinality of the set S by |S|. For every function w ∈ Z I , let support(w) = {i ∈ I : w i = 0}.
Let W I,h be the set of all functions w ∈ Z I that satisfy the following:
Properties (5) and (6) imply that
i∈I wi>0
(−w i ).
If the set I is finite, then the set W I,h is also finite. Every function w ∈ W I,h induces a function f w :
The function f w is a group homomorphism with kernel
We call H w the hyperplane in G I constructed from w. For every one-to-one function α ∈ G I , let image(α) = {a i : i ∈ I}. Then A(G, I) = {image(α) : α ∈ G I and α is one-to-one} is the set of all subsets of G of cardinality |I|. If I is finite and |I| = k, then for every set A ∈ A(G, I) there are k! one-to-one functions α ∈ G I with image(α) = A.
) is an h-Sidon set if and only if α / ∈ H w for all w ∈ W I,h . The set of h-Sidon sets of cardinality |I| in the group G is the complement of the union of hyperplanes
This is a finite union of hyperplanes if the set I is finite.
Proof. The set A = image(α) is not an h-Sidon set if and only if there exist b ∈ hA and functions u, v ∈ N I 0 such that the sets of nonnegative integers image(u) = {u i : i ∈ I} and image(v) = {v i : i ∈ I} satisfy (1) and (2), but u j = v j for some j ∈ I. Let w = u − v ∈ Z I . We have w j = u j − v j = 0, and so support(w) = ∅. Condition (1) implies that w i = u i − v i = 0 for only finitely many i ∈ I. We have
and so w satisfies (5). Also, 1 ≤ i∈I wi>0
and so w satisfies (6). Therefore, w ∈ W I,h . Because
is not an h-Sidon set, then there exists w ∈ W I,h such that α is in the hyperplane H w .
Conversely, let α ∈ G I be a one-to-one function such that α ∈ H w for some w ∈ W I,h . We shall prove that A = image(α) = {a i : i ∈ I} is not an h-Sidon set.
For w ∈ W I,h , let I (+) = {i ∈ I : w i > 0} and I (−) = {i ∈ I : w i < 0}. By conditions (5) and (6), the sets I (+) and I (−) are nonempty, finite, and disjoint. Define functions u, v ∈ N I 0 as follows:
and
We have u i = v i for all i ∈ I (+) ∪ I (−) , and so u = v.
Conditions (5) and (6) imply that i∈I w i = 0 and 1 ≤ i∈I u i = i∈I wi>0
Because α ∈ H w , we have i∈I w i a i = 0, and so i∈I u i a i = i∈I wi>0
Let h 2 = h − h 1 ∈ N 0 and i 0 ∈ I. We have
There are two essentially distinct representations of b as sums of h elements of A, and so A is not an h-Sidon set. This completes the proof.
Finite Sidon sets of real numbers
Every hyperplane in R k is a closed set of Lebesgue measure 0, and so the union of a finite number of hyperplanes is a closed set of measure 0.
Let Φ be the function that sends a set A = {a 1 , . . . , a k } of pairwise distinct real numbers to the vector
The following result proves that, with respect to Lebesgue measure, almost all sets of k real numbers are h-Sidon sets.
Theorem 2. Let h and k be positive integers, and let S h,k (R) be the set of h-Sidon k-element sets of real numbers. The set Φ (S h,k (R)) is contained in the complement of a finite union of hyperplanes, and so almost all k-element sets of real numbers are h-Sidon sets.
Proof. . Let I = {1, 2, . . . , k}. The set W I,h is finite, and so {H w : w ∈ W I,h } is a finite set of hyperplanes. A hyperplane in R k has Lebesgue measure 0, and so a finite union of hyperplanes has Lebesgue measure 0.
Let A be a k-element set of real numbers, and let Φ(A) = (a 1 , a 2 , . . . , a k ) ∈ R k . Let S = {A ⊆ R : |A| = k and A is not an h-Sidon set}. If A ∈ S, then Φ(A) lies on a hyperplane H w , and so Φ(S) is contained in a finite union of hyperplanes. Therefore, Φ(S) has measure 0. This completes the proof.
Perturbations of infinite sets
Let G be an additive abelian group. For A ⊆ G and c ∈ G, we define the translate A + c = {a + c : a ∈ A}. For b ∈ G and r ∈ {0, 1, . . . , h}, we define For all nonnegative integers r and s, we have the (r, s)-sum-difference set
Let F be a field. For A ⊆ F and c ∈ F, we define the dilate c * A = {ca : a ∈ A}.
An absolute value | | on F is trivial if |0| = 0 and |x| = 1 for all x = 0. If | | is a nontrivial absolute value, then inf{|x| : x ∈ F \ {0}} = 0. The usual absolute values on Q, R, and C and the p-adic absolute values on the p-adic numbers are nontrivial. Note that a field with a nontrivial absolute value must be infinite. Lemma 1. Let F be a field with a nontrivial absolute value | |, and let A be a finite subset of F. For every a * ∈ F \ A and δ > 0, there exists an element b ∈ F such that |b − a * | < δ and the h + 1 sets A r,h (b) = rA + (h − r)b for r ∈ {0, 1, 2, . . . , h} are pairwise disjoint.
Proof. Let a * ∈ F \ A, and let r, s ∈ {0, 1, . . . , h} with s < r. For all x ∈ F we have
if and only if there exist a i ∈ A for i = 1, . . . , r + s such that
if and only if
Equivalently,
Because the set A is finite, the sets
are also finite. The field F is infinite. For every x ∈ F \ C, the sets A r,h (a * + x) for r ∈ {0, 1, 2, . . . , h} are pairwise disjoint.
Because C is a finite set, we have δ 1 = min (|c| : c ∈ C and c = 0) > 0.
Because the absolute value on F is nontrivial, there exists x * ∈ F such that 0 < |x * | < min(δ 1 , δ). It follows that x * / ∈ C, and so the h + 1 sets A r,h (a * + x) are pairwise disjoint. If b = a * + x * , then |b − a * | = |x * | < δ and the sets A r,h (b) are pairwise disjoint for r ∈ {0, 1, 2, . . . , h}. This completes the proof.
Let I be a nonempty set. For every function α ∈ F I , we define
Let ε > 0. The function β ∈ F I is an ε-perturbation of the function α ∈ F I if
In this case,
Theorem 3. Let F be a field with a nontrivial absolute value. Let ε > 0, and let (ε i ) ∞ i=1 be a sequence of real numbers such that 0 < ε i < ε for all i ∈ N. For every one-to-one function α ∈ F N and for every positive integer h, there is a oneto-one function β ∈ F N such that B = {β(i) : i ∈ N} is an h-Sidon set, and |β(i) − α(i)| < ε i for all i ∈ N. In particular, the function β is an ε-perturbation of α.
Proof. Let a i = α(i) and A = {a i : i ∈ N}. Let A (k) = {a i : i = 1, 2, . . . , k}. For β ∈ F N , let β(i) = b i . We shall construct a one-to-one function β ∈ F N such that
Suppose that β(i) = b i has been constructed for i = 1, . . . , k, and that B (k) = {b 1 , . . . , b k } is an h-Sidon set. Apply Lemma 1 to the set A = B (k) with a * = a k+1 and δ = ε k+1 . We obtain b = b k+1 ∈ F such that |b k+1 − a k+1 | < ε k+1 and the sets B By the induction hypothesis, B (k) is an h-Sidon set, and so an r-Sidon set. Therefore, {x 1 , . . . , x r } = {x r+1 , . . . , x 2r }. This implies that B (k+1) is an h-Sidon set. Letting β(k + 1) = b k+1 completes the induction. 
